We find Lorentzian solutions of spacetime noncommutative gauge theories that are localized exponentially in space and time. Together with time translational invariance of the theories, we argue that perurbative S matrix formulation of such theories is problematic in the sense that the S matrix based on free in and out states misses the spacetime localized degrees. We show that, in 3+1 dimensions, the problem disappears for the cases where the noncommutativity becomes purely spatial by an appropriate Lorentz transformation or the noncommutativity is lightlike with its electric and magnetic parts orthogonal to each other.
Introduction
There have been some discussions about whether spacetime noncommutative theories are well defined as quantum theories [1] - [6] . At first, it was argued that spacetime noncommutative theories have a unitarity problem by studying the S-matrices via the perturbative analysis [1, 2] . This is consistent with the fact that there is no decoupling limit from string theories leading to the spacetime noncommutative field theories for specific ranges of the noncommutativity parameter [1, 2] . Later it was claimed that one may recover the perturbative unitarity by the careful treatment of time orderings [3, 4] . There have been further studies [5, 6] in this direction but the status of the matter seems not clear at this moment.
The spacetime noncommutative field theories involve infinitely many time derivatives. There is no well established procedure by which one can define quantization of such theories. In the perturbative analysis, Feynman rules are given as a definition of the quantum theory but its justification is never clear.
In this note, we shall consider spacetime noncommutative field theories only classically. By solving equations of motion with Lorentzian signature, we shall construct solutions that are exponentially localized in time as well as spatial directions. Due to the translational invariance of the theory, one may find such solutions centered at any points in spacetime once there exist any. The existence of such solution implies that arbitrarily small fluctuations in the far past may become nontrivial ones of order one in the far future when such objects are translated to the far future.
Perturbative S matrix formulation of such a theory will then be problematic because the S-matrix based on free part degrees of freedom would miss the spacetime localized solutions. Nonperturbative treatment of the system may cure the problem but we do not know how to do this.
We shall illustrate existence of spacetime localized solutions by considering various noncommutative gauge theories in 1+1 and 3+1 dimensions for certain choice of noncommutative parameters θ µν with nonvanishing electric components. When the noncommutativity is purely spatial, it is quite clear that there is no problem of unitarity at least classically and the standard procedure of quantization works without any troubles. As in [1, 2] , Lorentz invariant combinations of θ µν are relevant here. Specifically for 3+1 dimensions, the cases of θ e · θ m = 0 and θ 2 e ≤ θ 2 m with θ i e = θ 0i and θ i m = 1 2 ǫ ijk θ jk will be free of problems. Otherwise the gauge theories are plagued with the Lorentzian solutions that are localized both in space and time. For the θ µν without such problematic solutions, string theories in the NS-NS B-field background allow the decoupling field-theory limit [1, 2] . Therefore we get an agreement.
All of these solutions are closely related to the solitons, vortices, and instantons in the noncommutative gauge theories with spatial noncommutativity [7, 8, 9, 10, 11, 12, 13] . With purely spatial noncommutativity, the string theory interpretation of the solution is known. For example, the vortex solution in 2+1 dimensional U(1) gauge theory corresponds to unstable D0 in D2 with NS-NS B fields [9] . In the present case, we do not find such an interpretation. If they were Euclidean solutions, one might interpret them as instantons, but here we are dealing with Lorentzian solutions.
In Section 2, we shall construct the spacetime localized solutions in 1+1 and 3+1 dimensional gauge theories interacting with scalars on various noncommutative spacetimes. We won't try to find all of such solutions because finding only one will be enough to say that the theory is problematic.
For U(1) or U(N) gauge theories [14] , one may construct such solutions once the conditions on θ µν are met. Section 3 will be devoted to discussions. We give an interpretation of the solutions and comment on the spacetime noncommutative scalar theories.
Spacetime Localized Lorentzian Solutions
We will present various theories and solutions in terms of ordinary functions equipped with the star product
There is a one-to-one correspondence between ordinary function and operator, where operators act on the Hilbert space built upon the commutation relations,
With the map realizing the correspondence,
the operator product can be translated to the star product in the function space.
Let us consider the 1+1 dimensional spacetime noncommutative U(1) gauge theory,
where
We introduce here the spacetime noncommutativity, [x 1 ,x 0 ] = −iθ, where we take θ > 0 without loss of generality. The equation of motion reads
or explicitly
A class of solutions of (7) may be obtained by recalling some static solutions of 2+1 dimensional U(1) gauge theory on a spatially noncommutative plane [x 1 ,x 2 ] = −iθ. The equation of motion satisfied by static configurations is D 1 F 12 = D 2 F 12 = 0, which becomes exactly the same as (7) by replacing x 2 → x 0 and A 2 → A 0 . (Note that the equation (7) is insensitive to the signature of the metric in two dimensions.) In Ref. [7, 8] , solutions carrying magnetic flux are constructed. In the operator form, the solution readŝ
where the shift operatorŜ is defined bŷ
with any projection operatorP satisfyingP 2 =P . The field strength iŝ
For simplicity, we take the solution F 12 = 1 θ |0 0| with the choice S = ∞ n=0 |n + 1 n| and use it to get the solution of the Lorentzian theory with spacetime noncommutativity. Mapping the solution to function form, one finds that the field strength is localized in spacetime as
One may find similar solutions for 1+1 dimensional Abelian-Higgs theory on the noncommutative spacetime. Adding a fundamental scalar with quartic potential, the action for the Abelian-Higgs theory becomes
where D µ φ = ∂ µ φ− iA µ * φ. The gauge field configuration (8) with φ = 0 still solves the equations of motion but with Higgs on the local maximum of the potential. One can show that the noncommutative vortex solution found in [8] for spatial noncommutativity solves the above 1+1 dimensional Abelian-Higgs theory by replacing x 2 → x 0 and A 2 → A 0 . Note that the vortex solution satisfies D 1 F 12 = D 2 F 12 = 0, D µ φ = 0 and V ′ (φ) = 0, which makes the equation of motion hold. Again these equations are not sensitive to the signature of the metric.
Solutions localized in spacetime can still be constructed if one adds an adjoint real scalar coupled to the U(1) gauge fields. The action is similar to (12) but now with more general potential and the covariant derivative,
Keeping the gauge field solution as in the previous ones (i.e. withF 10 = 1 θP ), we wish to solve the equations of motion
To this end, it suffices to find φ such that D µ φ = 0 and V ′ (φ) = 0. Using the solution (8), the former equation leads to the following condition,
This is solved byφ = a pq |p q|, where the sum is over all kets and bras such thatP |p = |p . In case of nonvanishing potential, we have to find the solution of V ′ (φ) = 0 by choosing suitable a pq 's, which is known for a large class of potentials [15] . If there is no potential, the above ansatz solves the field equations. For instance,F 10 = 1 θ |0 0| andφ = a|0 0| corresponds to such a solution. Translating into the function language, it is clear that the solution again has a Gaussian shape localized in spacetime.
So far we have discussed various solutions localized in 1+1 dimensional spacetime, but such localized solutions may also exist in higher dimensional spacetime noncommutative theories. For example, one may consider 3+1 dimensional U (1) gauge theory with [x µ , x ν ] = iθ µν . There are substantial differences depending on the signatures of two Lorentz invariants,
If θ e · θ m = 0, one can make a suitable Lorentz transformation to set [x 0 ,
with all the other pairs commuting. One can find localized solutions in 3+1 dimensional spacetime by a slight generalization of the expression (8);
AgainP is any projection operator, now acting on a Hilbert space spanned by eigenstates
of double harmonic oscillators. The above solution solves the equation of motion (6) with either choice of the metric; Lorentzian or Euclidean. The field strength is now given byF µν = θ −1 µνP . Choosing the simple choiceP = |0, 0 0, 0|, we get the field strength localized in spacetime as
while other components are zero.
Coupling a real adjoint scalar to the gauge field, again one may obtain solutions where the matter part is localized in spacetime too. The procedure is very similar to the 1+1 dimensional case with adjoint scalar, where the scalar satisfies D µ φ = 0.
For the case θ e · θ m = 0, one has to consider the sign of another invariant. θ 2 e < θ 2 m yields the usual spatial noncommutativity (i.e. θ e = 0) by suitable Lorentz transformation, so let us turn to the other two cases. Finally let us discuss here about gauge invariant observables for the 1+1 spacetime noncommutative gauge theories [14] . One may in fact show that all the gauge invariant variables takes a form of d 2 xf (X µ ) where f is an arbitrary function [14] where the covariant coordinate is defined by X µ = x µ + θ µν A ν which transforms covariantly under the gauge transformation. Then for the configuration of spacetime localized solutions, any observable quantities that are finite indicate that the configuration is localized in space and time. For instance, we define the average position by
and the moments [12] 
where we average over the action density. On the spacetime localized solutions, one may show that all the higher moments (k ≥ 2) vanish. Thus we conclude the configurations are centered at q µ and localized indeed.
Discussions
In this note, we construct Lorentzian solutions of spacetime noncommutative gauge theories, which are exponentially localized in time as well as space. Together with the time translational invariance, we argue that the perturbative S matrix based on the free field degrees is problematic. In the 3+1 dimensional spacetime noncommutative gauge theories, the problem disappears if θ e · θ m = 0 and θ 2 e ≤ θ 2 m . Otherwise there exist spacetime localized Lorentzian solutions in 3+1 dimensional gauge theories.
The situation here is similar to the case of tachyonic instabilities in quantum mechanical system or field theories. To illustrate the point, consider a dynamical system described by L = 1
There is a solution x(t) = ±sech(t − t 0 ) with the velocity v(t) = ∓sech(t − t 0 ) tanh(t − t 0 ) localized exponentially in time. Existence of such solution does not imply that the dynamical system is problematic. Rather it represents a tachyonic instability at x = 0. Field theories expanded around tachyonic vacuum have a similar problem. For instance, in free field theories with negative mass squared, the norm of certain states is not preserved and leads to unitarity problems. Some states have a time evolution e −iEt |E with a purely imaginary energy E = ±i |m 2 | − k 2 for k 2 < |m 2 | and norms cannot be preserved.
Likewise, the existence of spacetime localized solutions for the spacetime noncommutative field theories seems related to similar phenomena. Potential instabilities involved here may be argued in the following way. Using the Seiberg-Witten map [16] , the spacetime noncommutative (gauge) field theories may be mapped to the equivalent system but without noncommutativity. There the system has a corresponding background electric field. Instabilities may arise due to this background electric field. In this sense, we suspect that our spacetime localized degrees may be closely connected to the phenomena of tachyon condensation or S branes [17] . If this is the case, one may further ask about the true vacuum after tachyon condensation.
Despite attractiveness of such interpretation, however, it should be remembered that we do not know how to make sense of the spacetime noncommutative field theories as quantum mechanics.
In summary, the perturbative S-matrix based on free in and out states misses degrees of the spacetime localized solutions. To settle the further issues, we need a nonperturbative quantization of the spacetime noncommutative field theories. Further investigation is necessary in this direction.
In this note, we focus our investigation on the gauge theories, which are normally the ones that can be obtained from string theories in the decoupling limit. But as a separate issue, one could ask the existence of spacetime localized solution for the scalar theories with potential. Consider for example 1+1 dimensional scalar theory with potential V (φ) = − 1 2 φ 2 + 1 4 φ 4 . This is question about whether there exists GMS (Gopakumar-Minwalla-Strominger) type solution [15] but one of spatial coordinate is replaced by time. In the large θ limit, one could ignore the kinetic term as in the GMS case and, for example, φ = 2 exp − t 2 +x 2 θ will be solution in the limit. However unlike the case of the GMS soliton, if one tries to perturb the above solution for large but finite θ, one may show that the first order perturbative solution cannot be solved. This happens quite generically for other forms of large θ solution and other forms of potential. We do not know in this pure scalar case whether there exist spacetime localized solutions or not. Further investigation is required in this direction.
